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Abstract 

We study the Yang-Mills flow on a holomorphic vector bundle E over a com- 
pact Kahler manifold X. We show that the curvature of the evolved connection 
is uniformly bounded away from an analytic subvariety determined by the Harder- 
Narasimhan-Seshadri filtration of E. As a consequence, we prove that the bubbling 
set is a unique, holomorphic subvariety of X depending only on the isomorphism 
class of E. This verifies a conjecture of Hong-Tian in Kahler case. 



1 Introduction 

A current theme in complex differential geometry is the connection between existence of 
canonical geometric structures and algebraic stability in the sense of geometric invariant 
theory (GIT). This theme is in part motivated by the famous theorem of Donaldson- 
Uhlenbeck-Yau, which states that the existence of a Hermitian-Einstein connection on an 
indecomposable holomorphic vector bundle E over a Kahler manifold (X, u>) is equivalent 
to the stability of E in the sense of Mumford-Takemoto [U [27]. This theorem was first 
observed by Narasimhan and Seshadri [13] in the case of complex curves, by Donaldson for 
algebraic surfaces [I] , and by Uhlenbeck and Yau [27J in arbitrary dimension. A heat flow 
approach to the existence of Hermitian-Einstein connections, related to the Yang-Mills 
flow, was introduced by Donaldson in [4j. This approach has been extended to several 
more general settings [H El [T7J, IT8] . 

A related area of research in complex differential geometry which has garnered a great 
deal of interest recently is the connection between the limiting properties of various geomet- 
ric heat equations and algebraic geometry. Most notably, a recent program of Song-Tian 
aims to relate the singularities of Kahler-Ricci flow on projective varieties to the minimal 
model program in algebraic geometry. Several striking results have been obtained in this 
direction by a number of authors; see, for instance [121 1201 Ell [221 1231 [2H [23 I2S], and the 
references therein. 

The current work is an advance in both of these directions in the setting of the Yang- 
Mills flow. It is by now well known that the Yang-Mills flow on a vector bundle E converges 
to a Hermitian-Einstein connection if and only if E is stable, |H \5[ [T8]. As a result, it is 
natural to study the limiting properties of the Yang-Mills flow when E is not stable. When 
dime X = 2, this problem was studied extensively by Daskalopoulos and Wentworth [21 [3]. 
They found that many limiting properties of the Yang-Mills flow are determined by the 
algebraic structure of E. More precisely, Daskalopoulos and Wentworth show that away 
from an analytic bubbling set the Yang-Mills flow converges to a Yang-Mills connection on 



the direct sum of the stable quotients of the graded Harder-Narasimhan-Seshadri filtration 
[2J. We denote this direct sum of stable quotients by Gr hns (E). In the later paper [3J, 
Daskalopoulos and Wentworth show that the analytic bubbling set is precisely equal to 
the set where the stalk of the torsion- free sheaf Gr hns (E) fails to be a free module. This 
provides a remarkable and deep connection between the limiting behaviour of the Yang- 
Mills flow and the GIT of the bundle E on which we briefly elaborate. In a recent paper, 
Gomez, Sols and Zamora [B] showed that an unstable torsion-free sheaf on a projective 
variety gives rise to a GIT- unstable point in a certain Quot scheme. To this unstable point, 
the theory of Kempf-Ness associates a maximally destabilizing 1-parameter subgroup which 
in turn induces a filtration of E by weight spaces. Gomez, Sols and Zamora show that this 
maximally destabilizing filtration is precisely the Harder-Narasimhan filtration of E. 

For Kahler manifolds of arbitrary dimension, the second author partially generalized 
the work of Daskalopoulos and Wentworth, proving the limiting reflexive sheaf along the 
Yang-Mills flow is in fact isomorphic to Gr hns (E) pjjj [TTJ. In this paper we carry this 
generalization further by proving that the analytic bubbling set along along the flow is 
precisely where Gr hns (E) fails to be locally free. More precisely, given a subsequence of 
times tj along the Yang-Mills flow, following Hong-Tian [5] we define the analytic singular 
set (or bubbling set) to be: 



A large part of Hong and Tian's paper [8] is dedicated to proving certain properties of 
Z an , however uniqueness and dependence on the choice of subsequence tj is left open. 
They do show that along such a subsequence the Yang-Mills flow converges smoothly on 
X\Z an , modulo gauge transformations, to a Yang-Mills connection on a limit bundle E^ 
on X\Z an . In [TJ Bando and Siu prove this bundle extends to all of X as a reflexive sheaf 
Eoo, and the second author proves in [TTJ that Eoo = Gr hns (E)**. Since E^ is locally 
free on X\Z an , the stalk of Gr hns (E) must be free away from Z an . Denote the set where 
Gr hns (E) fails to be free by Z a i g ; we refer to this set as the algebraic singular set. Then a 
corollary of the main result of [TTJ is that Z a i g C Z an . The goal of this paper is to prove the 
reverse inclusion, Z an C Z a i g , showing that bubbles do not form away from the algebraic 
singular set. 

Before stating the main theorems, let us recall some basic definitions. Let E be an 
indecomposable holomorphic vector bundle over a compact Kahler manifold (X,u). One 
can always find a Harder-Narasimhan-Seshadri filtration, 



defined to have torsion free, stable quotients Q % = S l /S l ~ 1 . Such a filtration may not 
be unique, however, the direct sum of stable quotients Gr hns (E) := ® ^ Q\ is uniquely 
determined by the isomorphism class of E. It follows that the the algebraic singular set of 
E, given explicitly by 




= S° C S 1 C S 2 C • • • C S p = E, 



(1.1) 



Z alg ■= { x G X\Gr hns {E) x is not free }, 
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is uniquely determined by the isomorphism class of E. If E is not stable it does not admit 
a Hermitian-Einstein connection, so we do not expect the Yang-Mills flow to converge 
smoothly to a limiting Yang-Mills connection. In particular, we expect that bubbles should 
form in the limit as t — > oo. The following theorem gives optimal control of the bubbling 
set. 

Theorem 1. Let A(tj) be any sequence of connections along the Yang- Mills flow. Then 
on X , the analytic singular set is the same as the algebraic singular set of E: 

Zan Z a ig. 

This theorem implies that the bubbling set of the Yang-Mills flow is a unique, holo- 
morphic subvariety of X which is independent of the subsequence chosen along the flow. 
As a result, this theorem verifies a conjecture of Hong-Tian [8] in the Kahler setting. In 
fact, we prove the slightly stronger theorem: 

Theorem 2. Let A(t) be a family of connections evolving along the Yang- Mills flow. Then 
for any compact set K C X\Z a i g , the curvature of A(t) is uniformly bounded in C° on K . 

Our results provide a partial generalization of the result of Daskalopoulos and Went- 
worth |3j. The main result of this paper is an equality of sets, while Daskalopoulos and 
Wentworth prove an equality of analytic varieties. The main difference here is a natural 
notion of algebraic multiplicity in the case that dime X = 2, which is attached to the set 
Z a ig. The precise result of [3] is that the mass of a bubble at a point p G X is precisely equal 
to the algebraic multiplicity at p. The connection between these two quantities is provided 
by the Riemann-Roch theorem. However, the singularities of a torsion free coherent sheaf 
over a Kahler manifold X with dime X > 2 are no longer isolated, and this poses a signif- 
icant difficulty in generalizing the argument of [3]. As a result, the techniques we use are 
completely different. Before discussing the method of proof, we point out that Theorem [T] 
implies a new proof of the Donaldson-Uhlenbeck-Yau theorem, assuming Simpson's lower 
bound for the Donaldson functional [T7] . 

Corollary 1. Let be E an indecomposable vector bundle over a compact Kahler manifold, 
then E admits a Hermitian-Einstein connection if and only is E is stable in the sense of 
Mumford- Takemoto. 

In fact, we obtain something slightly more general, 

Corollary 2. Let (E, Bq) be an indecomposable, holomorphic vector bundle over a compact 
Kahler manifold, and suppose that E admits a filtration of vector bundles 

= S° C S 1 C • • • C S p = E, 

with Q % = S l /S l ~ 1 stable vector bundles. Then the Yang-Mills flow converges smoothly 
to a Yang-Mills connection on E^ = ^ i Q t . In particular, the underlying smooth vector 
bundle E admits a Yang- Mills connection with a different holomorphic structure B ^ Bq. 
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The interesting aspect of this corollary is that the Yang-Mills flow converges, despite 
the fact that the complex structure may jump in the limit. The phenomenon of jumping 
complex structure has proven to be an important and interesting difficulty in obtaining 
the convergence of the Kahler-Ricci flow; see for instance, the work of Phong-Sturm, and 
Phong- Song- Sturm- Weinkove [T4"l IT5] . 

We now describe the idea behind the proof. For simplicity, assume that E is unstable 
and admits a coherent, torsion-free sheaf S with quotient Q so that both S and Q are 
stable, and fi(S) > n(E) > fi(Q). Away from Z a i g we know S and Q are vector bundles, 
and so a choice of a metric Hq on E induces metrics Jo on S and Mq on Q. If 7 is the 
second fundamental form associated to S and Q given by H , and F s and F Q are the 
curvatures of J and M , then we have the well known formula for the decomposition of 
the full curvature of E: 

' " V -V7 f F Q - 7 t A 7 J ' 

where V denotes the induced connection on Hom(Q, S) (or Hom(S,Q) for 7^). Since S 
and Q are stable, we expect that the induced geometry should be controlled uniformly. 
Indeed, this is the case. Using the stability of S and Q we are able to show that the quanti- 
ties \F Q \, \F S \, I7I are uniformly bounded on compact subsets K <e X\Z a i g . At this point, 
it remains only to control |V 7 | uniformly on K. To achieve this, we use the relationship 
between the Donaldson heat flow and the Yang-Mills flow and a maximum principle ar- 
gument. This requires some hard work since the quantities F®, F s , 7 which appear in the 
evolution equation for V7 are only defined on X\Z a i g . Applying the maximum principle 
on K yields a bound for IV7I only in terms of the values of |V 7 | on OK. This is clearly 
not sufficient. In order to deal with this difficulty we construct an explicit barrier function 
a using the local algebra of the Harder-Narasimhan-Seshadri filtration, and find explicit 
estimates for the blow-up rate of the geometric quantities F®, F s , 7 near Z a \ g . With these 
explicit estimates we are able to apply the maximum principle to a suitably scaled quan- 
tity involving the barrier function to obtain uniform control of V7 on K (s X\Z a i g . The 
general case is a simple modification of this argument. From this estimate Theorem 2, and 
hence Theorem 1, follow. 

The organization of the paper is as follows. In section [2] we recall the basic objects 
we will need in the proof. In section [3] we use stability to obtain uniform bounds on the 
curvatures F s , F® and 7. In section H] we construct the barrier function a and in section 
we prove estimates on the blow-up rate of F s , near Z a \ g . In section Owe compute the 
evolution equations of |7| 2 and IV7I 2 , and in section [7] we apply the maximum principle 
to obtain uniform estimates for V7 and complete the proof of Theorem [21 
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2 Background 



2.1 The Yang-Mills flow and the Donaldson heat flow 

We begin with a brief introduction to the Yang-Mills flow, and highlight the importance 
of its relation to the Donaldson heat flow. 

Let X be a compact Kahler manifold, and assume the Kahler form is normalized to 
have volume one. The Yang-Mills flow is a flow of connections d& := d + A on E, where 
dA '■ E — » E sg) fi 1 . Because X is a complex manifold, this map decomposes into (1, 0) and 
(0, 1) parts. In particular, the connection coefficients decompose as A = A' + A" , where A' 
represents the (1, 0) part and A" represents the (0, 1) part of A. Thus d^ = 8a + Ba, where 
Da '■= d + A' and Ba '■= B + A". We say A is integrable if B\ = 0, which implies Ba defines 
a holomorphic structure on E. For a fixed metric H , we say a connection is unitary if it 
is compatible with the metric, and we denote the space of integrable unitary connections 
by A 1 ' 1 . The curvature of a connection, denoted Fa, is a section of End(E) <S> fl 1,1 , and is 
defined by: 

F A := BA' + OA" + A" A A' + A' A A". 
The Yang-Mills functional YM -.A 1,1 — > R is defined to be the L 2 norm of the curvature: 

YM(A) := \\F A \\ 2 L 2. 

On a general complex manifold, the Yang-Mills flow is the gradient flow of this functional, 
and is given by: 

A = -d\F A . 

On a Kahler manifold we can rewrite the equation for the flow using Bianchi's second 
identity (g^-^a = 0) and the Kahler identities: 

d\F A = d A F A + B A F A 

= i[K,d A ]F A -i[K,dA]FA 
= -id A AF A + id A AF A . 

This gives: 

Definition 1. On a Kahler manifold, the Yang- Mills flow takes the form: 

A = id A AF A - id A AF A . (2.2) 

From this formulation one can check that if A(0) G .A 1 ' 1 , then A(t) is an integrable, 
unitary connection for all time t G [0,oo). Now if E is stable, it was first shown by 
Donaldson in |3] that the Yang-Mills flow converges to a Hermitian-Einstein connection. 
However, since we are assuming E is not stable, we do not expect the flow to converge to 
a limiting Hermitian-Enstien connection. In fact, our main object of study is the set of 
points on the base manifold X where the curvature blows up along the flow. 
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Definition 2. Given a sequence of connections A(tj) along the Yang-Mills flow, the ana- 
lytic singular set of E (sometimes called the bubbling set) is defined by: 

Z an = C\{x G X I liminf r 4 " 2 ™ / \F A (t j )\ 2 n > s} (2.3) 

for some fixed < e < Eq, where Eq <C 1 depends only on X . 

For a precise definition of Eq, we direct the reader to the proof of Proposition 6 in [8]. 
In the Kahler setting, the Yang-Mills flow is closely related to the Donaldson heat flow. 
In fact, it is through this relationship that many important properties of the Yang-Mills 
flow were first realized, such as long time existence and convergence. 

Along a solution to the Yang-Mills flow we fixed the metric H on E and evolved 
the connection (and hence the holomorphic structure). Alternatively, one can fix the 
holomorphic structure and evolve the metric, a viewpoint introduced by Donaldson in [I]. 
Starting with a fixed initial metric Hq on E, any other metric H is related to Hq by an 
endomorphism h = H^H . Conversely, any positive definite Hermitian endomorphism h 
defines a metric H = H h. 

Definition 3. Let 1 denote the identity map in End(E). The Donaldson heat flow is a 
flow of endomorphisms h = h(t) given by: 

hr v h = -(af - fi(E)i), 

with initial condition h(0) = 1. Here, F is the curvature of the unitary Chern connection 
of the metric H(t) = H h(t). 

A unique smooth solution of the flow exists for all t € [0, oo), and on any stable bundle 
this solution will converge to a smooth Hermitian-Einstein metric jl], [5], [17], [T8] . 

We now use a solution h(t) to the Donaldson heat flow to construct a solution A(t) 
to the Yang- Mills flow. Working in a unitary frame with respect to Hq, let Aq be an 
initial connection in A 1,1 . Starting with the initial holomorphic structure Bq := d + Aq, 
we consider the one parameter family of holomorphic structures d t = d + A", where A" is 
defined by the action of w — h l l 2 on Aq. Explicitly, this action is given by: 

A'l = wA'^w- 1 - dww~\ (2.4) 

which is equivalent to: 

dt ■= w o Bo o w^ 1 . 

Using this one-parameter family of holomorphic structures and the metric Hq, we define 
a one-parameter family of unitary connections A t , and one can check that A t evolves by 
the Yang-Mills flow. Conversely, any one-parameter path in A 1,1 along the Yang-Mills 
flow defines an orbit of the complexified gauge group, which gives rise to a solution of the 
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Donaldson heat flow. The curvature of F along the Donaldson heat flow is related to the 
curvature Fa along the Yang-Mills flow by the following relation: 

F A = wFw~ 1 . (2.5) 

An important consequence of this relationship is that the norm of the curvature along the 
Yang Mills flow given by the fixed metric Hq is equivalent to the norm of the curvature 
along the Donaldson heat flow given by the evolving metric H. Let (•)' denote the adjoint 
of an endomorphism with respect to the fixed metric H Q , and let (•)* denote the adjoint 
with respect to the evolving metric H. For any endomorphism M, these two adjoints are 
related as follows: M 1 " = hM*h~ l . We then see: 

\F\\ = Tr(FF*) = Ti{w- l F A w{w- l F A wY) = Tz{F A hF* A h~ l ) = Tr(F A F A ) = \F a \ 2 Hq . 

Thus from the point of view of uniform curvature bounds, it suffices to prove bounds along 
either the Donaldson heat flow or the Yang-Mills flow, provided we always compute the 
norm with the right metric. 

We conclude this section with a simple curvature bound along the Donaldson heat flow. 

Lemma 1. Along the Donaldson heat flow, there is a constant C so that \KF\u(t) is 
uniformly bounded. 

Proof. We have the following simple computation for the heat operator on |AF|^ (for 
details see [9]): 

(d t - A)\AF\ 2 H = -\VAF\ 2 H - \VAF\ 2 H < 0. 
The lemma follows from the maximum principle. □ 



2.2 Quotients, filtrations and stability 

In this section we introduce the algebraic singular set, show it is uniquely determined by 
the isomorphism class of E, and provide a local analytic description. We begin by recalling 
the definitions of slope and stability. 

Given a torsion free sheaf £, we can define its first Chern class by Ci(£) := Ci(det(£)), 
since det(£) is always a line bundle. The slope of £ is then given by: 

m := V ^ r) J x C 1 (det(£))A0 n ~ 1 . 

We say £ is stable if for every torsion free subsheaf F C £ the inequality (J>(F) < /i(£) 
holds. £ is semi-stable if the weak inequality [i(F) < fi(£) holds. 

Next we introduce the Harder- Narasimhan filtration, and recall some of its properties. 
The following proposition can be found in \1'2\ . 
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Proposition 1 Q12J, Theorem (7.15)). Any torsion-free sheaf E carries a unique filtration 
of subsheaves 

= 5° C S 1 c S 2 c • ■ ■ C S p = E, (2.6) 

called the Harder-Narasimhan filtration of E, such that the quotients Q l = S 1 / S^ 1 are 
torsion-free and semi-stable. Moreover, the quotients are slope decreasing, satisfying /i(<5*) > 
fi(Q t+1 ), and the associated graded object Gr hn (E) := ®f =1 Q l is uniquely determined by 
the isomorphism class of E. 

We sometimes abbreviate this filtration as the HN filtration. For our purposes having 
semi-stable quotients is not good enough, and we must take the filtration one step further: 

Proposition 2 ([12], Theorem (7.18)). Given a semi-stable sheaf Q, there exists a filtration 
by subsheaves, called the Seshadri filtration: 

= S° c S 1 c • • • c S q = Q, 

such that ti(S l ) = /u(Q) for all i, and each quotient Q l = S l /S l ~ 1 is torsion-free and 
stable. Furthermore, the direct sum of the stable quotients, denoted Gr s (Q) := ® q i=l Q l , 
is canonical and uniquely determined by the isomorphism class of Q 

Combining these two propositions, we can construct the Harder-Narasimhan- Seshadri 
filtration, by finding a Seshadri filtration for each semi-stable quotient in the HN filtration. 
We sometimes refer to this double filtration as the HNS filtration. Consider the direct sum 
of stable quotients: 

Gr hns (E) : =00Q*. 

k i 

It is not hard to check that the Harder-Narasimhan- Seshadri filtration can be written as 
a single filtration of E by torsion-free coherent sheaves: 

= S° C S 1 C ■ ■ • C S p = E, (2.7) 

and in this case, setting Q l = S'^S 1 ^ 1 we have Gr hns (E) = 0^ Q\ We are now ready 
for the following definition: 

Definition 4. The algebraic singular set is defined to be: 

Z alg :={ie X\Gr hns (E) x is not free}. 

We would like to elucidate this definition by providing a useful local description of the 
algebraic singular set. For the moment, let us focus on the simple case when E has a 
stable subsheaf S with stable quotient Q, so the HNS filtration of E is given by: 

C S C E. 
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In this case, we have the exact sequence of torsion free, coherent sheaves 

>S— ^E^^Q >0, (2.8) 

and Gr hns (E) = S © Q. Since S is coherent, the inclusion S <-> E is locally given by a 
matrix of holomorphic functions B = B a p. Moreover, over a sufficiently small open set 
U C X, S has a finite length resolution 

> G® n > O®^ 1 ► > C® ri 5 > . (2.9) 

The surjection 0® ri -» S 1 is given by a matrix of holomorphic functions T = T 7 ^. The 
resolution of S gives rise to a resolution for Q 

► C® rf ► Of 1 - 1 ► y 0® n 2!?-> E y Q ► , 

where now the map 0® n — > E is the composition B oT, which is determined locally by 
the matrix product B o T = B a ^T' y s- The main technical result we need is the following 
theorem: 

Theorem 3 ( [12] Chapter 5, Theorem 5.8). Let ( be a coherent sheaf, U C X an open set 
over which ( has a finite resolution 

► 0® n ► ► Of} r2 C® ri y (u y . 

Then we have the following equality of sets; 

{x G U\ ( x is not free} = {x E U\ rank(h(x)) < max rank(h(y))} . (2-10) 

In particular, it follows immediately that Z a i g is an analytic subset of X. In our setting, 
we note that any point where Q x is free, the stalk S x is free as well. In particular, we have, 

Corollary 3. On a sufficiently small neighborhood, Z a \ g is given by: 

Zaig = {x £ U\ rankiB o T(x)) < max rankiB o T)(y)} 

yeu 

In the general case we obtain a similar description inductively. Recall the filtra- 
tion (12. 7p . For each i < p we let Bi be inclusion map 

yS i ' 1 -^S i yQ l >0, (2.11) 

Denote Zj the set where Q l fails to be locally free. The set Z p was described in the simple 
case above. Fix an open set U C X\Z p . On U, S^ 1 is a vector bundle, and hence we get 
a resolution of Q p ~ l 

► 0® n y Q$ ri Bp - 1 ° Tp - 1 ) Sp- 1 y QP- 1 y . 
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We thus obtain a description of the set Z p -\ = Z p _i fl X\Z p . Then Z p _i = Z p _i U Z p 
is precisely the set where Q p © Q p ~ l fails to be locally free. This continues inductively. 
As an example, we will indicate how to obtain a description of Z a i g in the case where 
the HNS filtration of E has three quotients, C S 1 C S 2 C E. In this case, we have 
Gr hns (E) = S 1 © S 2 /S 1 © E/S 2 . Using the above argument we obtain an explicit local 
description of the set 

Z 2 = {x E X\ E/S 2 X ^ is not free}. 
Now, consider the exact sequence: 

> S l ► S 2 > S 2 /S 1 ► 0. 

The main difference between this sequence and the sequence (12.81) is that S 2 is not a vector 
bundle. However, it is a vector bundle over X\Z 2 . Thus, working over this open manifold 
we can find an explicit local description of Z\ = {x E X\S 2 /S}, is not free}. Since we 
clearly have Z a i g = Z\ U Z 2 , we have succeeded in obtaining a local description of Z a i g in 
this case. 

2.3 The induced geometry of subsheaves and quotients sheaves 

As discussed in the introduction, we prove the main theorem by decomposing the Yang- 
Mills flow on E into flows on stable subsheaves and stable quotient sheaves. In this section 
we define induced metrics and provide explicit formulas for the induced connections we 
will need later on. We recall the exact sequence (I2.8P and restrict ourselves to the open 
manifold X\Z a i g . Because the sheaves S and Q are locally free here, the metric Ho on E 
induces a metric J on S and a metric M on Q. For sections ip, <ft of S, we define the metric 
J as follows: 

{<P^)j={B(<P),B^)) Ho . 
In order to define M on Q, we note that H gives a splitting of (12. 8ft : 

0^S^-E^—Q< — 0. (2.12) 

Here it is the orthogonal projection from E onto S with respect to the metric Hq. For 
sections v,w of Q, we define the metric M by: 

(v,w) M = (p ] {v),p\w)) Ho . 

Definition 5. On X\Z an the sheaves S 1 and Q l are holomorphic vector bundles. We 
define an the induced metric J{ on S l , and Ki on Q l to be one constructed as above. 

Note that on X\Z a i g it is equivalent to induce the metric Jj_i on S 1 ^ 1 by restricting 
the metric Jj induced on S l to the image of S 1 ^ 1 C S\ 

Once we have sequence (12.121) . the second fundamental form 7 e T(X, A 0,1 ®Hom(Q, S)) 
is given by: 

7 = dp* . 
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Of course, by composing with the projection p, we can write the second fundamental form 
as a homomorphism from S 1 - to S: 7 op = dp^ op. As p is holomorphic, and p^ op = 1 — 7r, 
we see 7 o p = d(t — 71) = — dn. By the definition of the induced metric M, working with 
7 and 7 o p are equivalent once we take corresponding norms, so we suppress the map p 
from our notation. 

We now establish some formulas for the induced connections on S l and Q l . In order to 
avoid confusion we shall temporarily implement the practice of using Roman indices for 
S l ~ l and Greek indices for S % . The connection on S 1 ' 1 is induced from the connection on 
S l by the inclusion Bi : S t ~ 1 — > S l and the projection it 1 : S l — > S t ~ 1 obtained from the 
metric Jj. In order to find a local formula for the connection coefficients on S 1 ' 1 , we first 
note that vr' : S l ^ S^ 1 on U C X\Z alg is determined by the formula 



= {JMBiMJi-!)". (2.13) 

From this formula, we obtain the following lemma by a straightforward computation: 

Lemma 2. The anti-holomorphic component of the induced connection on S^ 1 over 
X\Z alg is given by 



(A" 3 '- y t = (J,) £f7 ( J B J )- m (J,_ 1 )^(A" sl )^( J B,)^. 

The (1, 0) component of the connection is obtained by unitarity with respect to the 
induced metric Ji-\. The curvature F s ' is then computed using this induced connection. 

We can similarly compute on the bundle Q l . Observe that local identification Q l = 
im(S 1_1 ) _L defined by Jj allows us to compute on (S 1-1 ) inside S l , since the metric on Q l 
is obtained precisely via this identification. Using equation (12.131) . we compute 

(A" Q 'y a = (l-iry s (A" s ') 5 a 

where as before 1 £ End(5* 1 ) denotes the identity map. These formulae allow us to 
inductively determine the connection coefficients on S l by using that S p = E and J p = Hq. 



3 Bounds from stability 

In this section we use the stability of the quotients of the Harder-Narasimhan-Seshadri 
filtration to get bounds on the induced curvature. For simplicity we first consider the 
case where the HNS filtration is a single step C S C E. Here 5* has quotient Q and 
Gr hns (E) — S © Q. At the end of this section we discuss the general case. 

Consider a family of connections A(t) evolving along the Yang-Mills flow, with cor- 
responding evolving holomorphic structure B t := w(t) o Bq o w^t)' 1 . Let F^t) be the 
curvature of A(t). The metric Hq induces metrics Jo on S and Mq on Q, and the holo- 
morphic structure d t restricts to holomorphic structures on S and Q, inducing curvatures 
F A (t) s and F A (t)<>. 
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Proposition 3. Let A(t) be a family of connections evolving along the Yang-Mills flow. 
Then, for any compact subset K C X\Z a i g the induced curvatures F^t) and F^t)® are 
uniformly bounded in C k (K) for any k. 

In section [5] we will obtain precise estimates for the rate of blow-up near Z a i g . As a 
first step, we relate the projections evolving along the Donaldson heat flow to projections 
evolving along the Yang-Mills flow. In the case of the Donaldson heat flow, consider the 
orthogonal projection i\ t onto a fixed subsheaf S C E, which evolves due to the fact 
that the metric H is changing. Along the Yang-Mills flow the metric Hq is fixed, yet the 
subsheaf S is acted on by the complexified gauge transformation w. Thus the orthogonal 
projection n w onto w(S) evolves as well. In order to lighten notation, we shall denote w(t) 
by w when no confusion will result. 

Lemma 3. The two evolving projections are related as follows: 

Proof. It is immediately clear that (wiitw^ 1 ) 2 = wiitw' 1 , so wiitw' 1 is a projection onto 
the subsheaf w(S). We complete the lemma by showing it is unitary with respect to Hq. 



(wTT t w = w 1 (ir t )^w = h 1 ^ 2 hir^h 1 h 1 ^ 2 = WTT t W~ 



□ 



Next we show the complex gauge transformations w(tj) restrict to gauge transforma- 
tions of S and Q with no diagonal terms. 

Lemma 4. The gauge transformations w(t) decomposes as follows onto S and Q: 

w s {t) 



Proof. Let be a section of S. Observe that w(4>) remains a section of w(S) since 

Thus no component of w maps S to its perpendicular space. The lemma follows since w 
is Hermitian, so the off diagonal terms are equal. □ 



Consider the standard decomposition of the holomorphic structure: 

«9n = 



do 7o 
<f 

were 70 is the second fundamental form associated to S defined by Hq. From now on, we 
work along a subsequence tj. The above lemma shows the evolving holomorphic structures 
on S and Q are given by: 



df = w s {tj) o o (w^tj))- 1 and df = w Q (t 1 ) o «9 Q o (w Q (t j ))- 1 
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Consider the normalized endomorphisms: 



w {tj) := - — J and w Q {tj 



Note that the actions of w s and w s produce the same complex structures (similarly for 
and w®). Our goal is to show that these normalized endomorphisms do not degenerate as 
j tends to infinity, and that they converge (along a subsequence tj k and away from Z atg ) 
to limiting endomorphisms and in C k . This gives uniform C h (X) bounds on both 
w s (tj k ) and (w s )~ 1 {tj k ) (similarly for w Q (tj k ) and (w Q ) _1 (t, fe )), and thus bounds on the 
holomorphic structures 3? and . From these estimates Proposition [3] follows easily. 

From now on we work exclusively with S, as the bounds for Q follow in a similar 
fashion. Also, we denote w s by w, for notational simplicity. Finally, all the norms in the 
following proposition are computed with the fixed metric Hq. 

Proposition 4. Let tj be a sequence of times along the Yang-Mills flow. Then there exists 
a subsequence tj k where the complex gauge transformations w(tj k ) are uniformly bounded 
in C k (X\Z a i g ) . Furthermore, after passing to a further subsequence, they converge in C° 
to a limiting holomorphic map Woo, which is non-trivial. 

By "uniformly bounded in C k {X\Z a i g )" , we mean that we have bounds on every com- 
pact set K d X\Z a i g , which do not depend on K. 



Proof. The idea of the proof is very similar to an argument used in [TU] . which has roots 



in an argument from [4j. We include the details here for the readers convenience. Also, 
for notational simplicity all subsequences will still be denoted tj 

Consider the family of compact subsets K(r) C X\Z an , defined to be the complement 
of a tube around Z an : 

K{r):=X\ |J B r (x). 

XGZan 

First, we show that for some r > 0, 

\\ti(tj)\\c°(x\z alg ) < C\\w(tj)\\i? (K(!ro))) (3.15) 

where the constant C is uniform in j. Let A(tj) be the initial sequence of connections on 
S. By the convergence results of Hong-Tian [8], there exists a subsequence A"(tj) which 
converges smoothly to a limiting holomorphic structure A'^ in K(r). By the definition of 
Bj, w(tj) solves the equation: 

9t (dwfa) + A"{tj)w{tj) - w{tj)A'>) = 0, (3.16) 

which is an elliptic equation in divergence form. After multiplying vbj by a suitable bump 
function which vanishes along dK(r) and is identically one in K(2r), and applying the 
uniform bounds on A"(tj), we can use the Moser iteration technique to get: 

\\w\\c°(K(2r)) < C(r)\\w\\ L 2 {K{r)) , (3.17) 
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(for details see [7] Theorem 8.15). However, C{r) — > oo as r approaches zero. Nevertheless, 
for a fixed r we have uniform control of w in the set K(2r) where the bump function is 
identically one. We claim this bound controls the C° norm of w on all of X\Z a i g . Consider 
the most general assumption on the singular set; that Z an is closed and has finite (2n — 4)- 
Hausdorff measure, denoted if 2n_4 (Z an ) < C (see Proposition 6 from [8J). It follows 
that H 2 ( n ~ l \Z an ) = 0, and by a result of Shiffman (Lemma 2 from [IS]), for every point 
x G X\Z an , almost all complex lines through x do not intersect Z an . Thus working in 
local coordinates, we construct a lattice L with edges formed by complex lines such that 
L R Z an = 0. Since both L and Z an are compact, they are separated by a finite distance, 
so in particular there exists an r such that L fl X\K(r ) = 0. By (13.17P the maps w are 
uniformly bounded in C° along the complex lines that form L. Since the w are holomorphic 
maps and defined on all of X\Z aig (this is where S is a vector bundle), locally they are 
given by a matrix of holomorphic functions. Since Z a i g is of at least complex codimension 
2, we know none of the holomorphic functions blow up along that subvariety, thus we just 
consider w as a function on all of X, and note that in the end of the argument we get 
bounds where w was originally defined. By applying Cauchy's integral formula along each 
line to each entry of the matrix we extend this uniform bound to each face of L, and after 
repeated applications of Cauchy's integral formula, the C° bound extends to the interior 
of L. Since X is compact it can be covered by the interiors of finitely many lattices, thus 
there exists a single r$ that works for all of X. The C° bound on all of X follows, proving 
(I3.15p . Moreover, for any p < ro, we have 

IK*j)llc°(x) < C||*(ii)llL 2 (^(r () )) < CWwit^W^K^, (3.18) 

and the constant C is independent of p. 

Now that we have a C° bound, by the Cauchy estimates we get the C k bounds on 
X\Z a i g . By Arzela-Ascoli, the sequence w(tj) converges along a subsequence to a limiting 
map Woo. We claim that is in fact holomorphic. Let dj$ denote the holomorphic struc- 
ture on endomorphisms of S intertwining A"(tj) and A"(0). As we have seen dj t ow(tj) = 0, 
so 

and hence 

1 1 <9oo,oWoo 1 1 LP(K(p)) < 1 1 Woo - w{tj)\\ L v (K(p)) + \ \A(tj) - Ax. 1 1 L9(X(p)) I koo 1 1 i7 ( A ^ (p)) , 

where q, r, and A are given by Holder's inequality. The left hand side is independent of j, 
so sending j to infinity we obtain 

1 1 doofiWoo 1 1 LP(K(p)) = 

for any p. By elliptic regularity is smooth, and thus holomorphic. 

In fact, Woo is holomorphic on all of X\Z an . Pick any point Xq G X\Z an . Then there 
exists a p' < p such that K(p') contains Xq. By choosing the sequence Wj from above, 
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and repeating the convergence argument for the compact set K(p') as opposed to K(p), 
we get convergence along a subsequence to a new holomorphic map w'^ defined on all of 
K(p'). Since we chose a subsequence of our original sequence, it follows that w'^ = w^ 
on K(p), thus Woo extends holomorphically to all of K(p'). Repeating this argument for 
each point in X\Z an , we conclude that w^ is holomorphic everywhere in X\Z an . Since 
H 2n ~ 2 (Z an ) = 0, by Lemma 3 in [TB], extends to a holomorphic map on all of X. 

Next we show is not identically zero on K{p). From the C° estimate (ETTgjl one can 
show ||^(^-)IIi,2(x\k(p)) — C-Vo\(X\K(p)), where C is independent of j and the choice of 
p. Choose p small so that V6L(X\K(p)) < 1/(2C). It follows that 

ll*(*i)llia(Ji-(p)) = ll*(*i)llia(X) - \\w(tj)\\h(X\K{p)) > \ 

using our normalization ||w(ij)||^ 2 p0 = ^' com pl e tes the proof of Proposition HI 

□ 

We claim that w^ has no kernel. Note we are still working on S, and is the C° 
limit of the normalized endomorphism w s (tj). So w<x> is a holomorphic map of sheaves 
from S to Eoo (here Eoo is the reflexive extension of to all of X). First we show that 
the image of is a subsheaf of E^ of the same degree and rank as S. By Theorem 1 from 
combined with inequality (4.18) in that same reference, we know the L 2 norm of the 
second fundamental form associated to S goes to zero. By Proposition 10 from the 
projection ttj onto w(tj)(S) converges to a limiting holomorphic splitting of Eoo into 
the direct sum Sqq © Qoo, where has the same rank as S. This convergence is smooth 
away from Z an . Furthermore, since ttj o w s (tj) = w s (tj) along the flow, n^moo = and 
thus: 

w oo '■ S y Sqq. 

Now, AE converges to AF^ away from Z an , and by the proof of Lemma 4 in pTTJ it follows 
that AFqoIs^ = p(S)t. By Theorem 2 in [TJ we know AF^s^ extends to where is 
locally free and by Theorem 3 in [1] the sheaf is semi-stable. So Woo is a holomorphic 
map from a stable sheaf to a semi-stable sheaf of the same degree and rank, and thus must 
be an isomorphism. It follows that the rank of does not drop. 

Since w s (tj) converges to in C° and the rank of does not drop, the lowest 
eigenvalue of w s (tj) is bounded from below. We can follow the same argument for the 
normalized endomorphisms on Q. Thus we have shown the following important propo- 
sition: 

Proposition 5. Given any sequence of times tj, there exists a subsequence tj k and a 
uniform constant C q such that, for any compact sect K <<= X\Z a i g the following estimates 
hold: 

\\w S (t jk )\\ CH K) < C q \\{w S )-\t Jk )\\c«iK) < C q , 

\\w Q (t ]k )\\ cq[K) < c q IK^r^-Jlbw < c 9 . 
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The crucial point here is that C q does not depend on K. We would like to point out 
that the main ingredient required for the above argument is the lower boundedness of 
the Donaldson functional, due to Simpson [T7j, and extended by the second author in 
[9], [11]. Alternatively, one could argue as in [28], using multiplier ideal sheaves, however 
this argument also requires lower bounds on the Donaldson functional. Since the above 
estimate holds for any subsequence, we obtain 

Proposition 6. For any positive integer q there is a constant C q such that, for any K d 
X\Z a i g the following estimates hold uniformly along the Yang-Mills flow 

\\w s (t)\\ cq{K) <C q \\(w s )-\t)\\ CHK) <C q , 

\\w Q {t)\\ Cq{K) <C q \\{w Q y\t)\\ Cq{K) <C q . 

Proof. We argue by contradiction. Suppose the conclusion of the proposition is false. 
Then, there exists a subsequence of times tj along the Yang-Mills flow where, for example, 

||* S 0gilc^)>J- (3-19) 

We now apply the previous proposition to find a subsequence tj k and a constant C q such 
that 

\\w s (t Jk )\\ cq{K) <C q , (3.20) 
which clearly provides a contradiction. □ 

We can now prove Proposition [3j Let K be a compact set away from Z a i g . Then on 
K the induced holomorphic structures 8$ and and induced metrics on S and Q are 
smooth. By the previous proposition and the definition of the evolving induced connections 
we see that A s (t) and A®(t) are bounded in C k (K), which proves Proposition [3j As a 
corollary we get a C° bound for the second fundamental form. 

Corollary 4. Let A(t) be a family of connections evolving along the Yang-Mills flow. 
Then on any compact subset K away from Z a \ g the second fundamental form 7 is bounded 
uniformly in C°(K). 

Proof. Fix K <e X\Z a j g . The norm of 7 is given by: 

|7| 2 =^Tr(7j7s), 

where the adjoint 7"^ is computed with respect to the fixed metric Hq. By the standard 
decomposition of curvature F onto S we have 

F\ s = F s -7 A7 f , 

Thus: 

Tr(AF| 5 ) = Tr(AF 5 ) + \-f\ 2 . (3.21) 

The uniform C° bound on AF along the Yang-Mills flow and Proposition [3] gives the 
uniform C° bound on 7. □ 
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We now turn to the general case, and consider the HNS filtration on E: 

= S° C S 1 C S 2 C • ■ ■ C S p = E, 

with stable quotients Q % = S l /S % ~ 1 . Let 7* be the second fundamental form associated 
to the inclusion S l C E. We also consider second fundamental forms terms given by the 
inclusions S 1 ^ 1 C S\ which we denote by The curvature F decomposes onto S p ~ l 

and Q p as follows: 

F SP ^ - 7*" 1 A ( 7 ^ 1 )t Vf" 1 \ 

-(vy-^t F® P - ( 7 i " 1 )t A 7*" 1 J ' 

Now, because Q p is stable, we can apply the preceding arguments from this section 
to get bounds on the induced curvature F QP on K away from X\Z a i g . By Corollary H] 
we get bounds on the second fundamental form |7 P_1 | 2 . The second fundamental form 
bounds, along with the C° bound on AF, gives us bounds on AF SP . Now, 5 ,p_1 is not 
stable, so the arguments of Section [3] do not immediately apply. However, we can similarly 
decompose F SP into its components in S p ~ 2 and Q p ~ l . And because Q p ~ x is stable, we 
get bounds on F® P . Corollary |4] and the bound on AF SP give us control of the second 
fundamental form 7pZ 2 - Continuing in this fashion, we achieve the desired bounds on all 
the induced curvatures F® 1 and the second fundamental form terms Yi-i- Notice that 
(7I-1)* is given by: 

( 7 *_j- = v sl - V s '' 1 = (v E - v 3 *- 1 ) - (V s - v 3 ') = (y- 1 )* - (7T • 

This formula, along with the bounds on | -l | 2 and |7 P_1 | 2 , gives control of \Y\ 2 for all i. 

Of course, the constant in the above bounds depends on the compact set K. In the next 
section we establish a barrier function that gives precise estimates up to Z a i g . 

4 A barrier function 

4.1 The stationary case 

First let us consider the case when the geometry of E is fixed. As in the previous section, 
we first assume the HNS filtration of E is given by C S C E. The induced metric J on 

5 is a section of the coherent, torsion free sheaf S* £g> S*; that is 

J e r(A, s*®!F), 

and this section defines a metric on the complement of Z a i g . Ideally, we would like to take 
the function a to be the norm of the determinant of J regarded as a matrix. However, S 
need not be a vector bundle, and so the determinant of J as a matrix is not necessarily a 
globally defined object. We get around this as follows. Working over X\Z alg , S* <8> S* is a 
vector bundle (say of rank 2r), and its top wedge power /\ r S* g) f\ r S* is a line bundle on 
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X\Z a i g . The determinant of the matrix J (as given in local coordinates where defined), 
is a section of this bundle. By Proposition (6.10) from [T2], we know the reflexivization 
is a line bundle on all of X which is in fact isomorphic to the determinant line bundle 
det(S* (g) S*). In other words we have: 



det(S* <g> S*) 



j\s*®/\s* 



and although detJ e T(X\Z a i g , f\ r S* <S> f\ r S*) is only defined on X\Z a i g , we show it 
extends to a smooth section of det(S* ® 5*) on all of X. We accomplish this by finding 
a local expression which makes the extension clear. Recall the exact sequence (12.81) . The 
induced metric J is obtained from the inclusion B : S ^ E and the metric H on E. In 
order to find a local expression for J we need a local system of generators for the coherent, 
torsion free sheaf S. Fix an open set U C X for which we have a resolution 







^0 



(4.22) 



Here, T is given by a matrix of holomorphic functions 

Ti^i . . . Tx tTl ' 



Fix an open set U' G U where the first r columns of the matrix T generate S. Note that, 
up to permuting the columns of T, we can assume that ^ U' C Z7 H X\Z a i g and that 
£/ fl Z a z 9 7^ 0. In this case, the induced metric is given by 



= (Ho)p a B a yT' y pBl 3 v T 1 i q . 

Note that det(J) converges smoothly to zero on U fl Z a / g , since it is precisely on Z a i g 
where the rank of the composition B o T drops, and this is clearly independent of the 
resolution (I4.22p . or the choice of generators. We have proved the following: 

Proposition 7. Let ( be the smooth section of /\ r S* ® A r over X\Z a i g defined by 
( = det(J). Then a extends to a smooth section ( of the reflexivization S* <g> f\ r S**J . 
Moreover, the extension is given explicitly by 



C(x) if x G X\Z alg 
if IG Z a i g 



(4.23) 



In particular, we have the equality of sets {( = 0} = Z, 



alg- 
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Of course, this same analysis carries over immediately to the case of the general filtra- 
tion (12. 7p . In this case, we have 

= (Ji)ea(B i )%(T i )\(B i y 71 (T i )v q . 

where Bi is the map in the sequence (12 .lip , and Tj is the first map in the resolution of 
S l ~ l . We leave the details to the reader. We now define our barrier function on X. 

Definition 6. Fix metrics 0, on the line bundles det(S'* <S> S*). We then define 

p-i 

(7 = cJI|det(J i )k, (4.24) 

i=l 

where det(Jj) denotes the smooth section Q of Proposition^ and c > is chosen so that 
maxx c = l. 

The reader can easily verify that again in this case we have the equality of sets 
{a = 0} = Z alg . 

4.2 A barrier function along the Yang-Mills flow 

In the last section used the induced metrics Jj to construct a barrier function in the 
stationary setting. In the evolving setting, the subsheaf S l is acted on by w s '(t) along 
the Yang-Mills flow, and so the induced metric evolves. We need to take care in order to 
ensure the barrier still provides the bounds we need. Along the flow the induced metric is 
given by: 

(Ji-i)(th P = (J^W^W^^)",^)^^)^^^)^^)^- 

Of course, we could apply the above argument to construct a section ((t) with the desired 
properties. However, the endomorphisms w(t) are uncontrolled. Moreover, for our later 
applications it is preferable to have a barrier function which does not depend on time. 
Instead, we construct a section ((t) by taking the determinant of the metric 

(Ji-i)(t) qp = (^)(*)^* 5< (i) a ,(^) iy 7 (T i )V 5i W^(^)^(^)^- (4-25) 

In this case, it is straightforward to check that we have 

det(Ji_i)(t) = det(J i _ 1 )(0)|det(^ 1 )| 2 (t). 

The second term on the right hand side is controlled by decomposing S 1 * -1 into a direct 
sum of stable bundles. In particular, locally on X\Z aig we write 

S'- 1 = Q 1 @Q 2 @Q*@---@Q i -\ 
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where each Q l is stable, by identifying Q J with (S^ 1 ) ± inside of S j . As a result 

det(w sl_1 ) = JJdet(w Q "), 

3=1 

and so by Proposition [HI there is a constant C > such that the following inequality holds: 

CT 1 |detJ(0)| < |det(J)|(t) < C|det(J)|(0). 
In particular, in the evolved case we use the same a constructed in the stationary case. 

5 Estimates near the algebraic singular set 

5.1 Estimates on the subsheaf S 

Fix S l C E one of the subsheaves appearing in the filtration (12.71) . We now obtain precise 
estimates for the blow up rate of the curvature F s ' and VF sl along Z a i g . These estimates 
will depend on w s% = w si it) and the barrier function a. In this section we work exclusively 
on S l . In order to lighten the notational burden, we shall suppress the superscript S l from 
all our formulae. Before beginning, we note the following elementary linear algebra lemma. 

Lemma 5. Let M be a r x r hermitian positive definite matrix with eigenvalues < Ai < 
A 2 < • • • < A r . Then 

r 

Tr(M-) = det(M)-"^n A ^ 

i=l j^i 

where M~ n denotes the n-fold product of M~ l with itself. 

As in Section [3] we shall use crucially that the complex structure induced by the gauge 
transformations w and w agree. In addition, all of the computations to follow are un- 
changed if the induced metric J is replaced by the normalized induced metric J defined by 
equation (14.251) . With this in mind we shall not notationally distinguish between the nor- 
malized and unnormalized structure. Along the Yang-Mills flow, the evolved connection 
on S over X\Z a i g is determined by the formulae: 

A" [t) = w A"(0) w- 1 - dww-\ (5.26) 

A' {t) = r l dJ - J-^A"(t)J, (5.27) 

and as we have stated this is clearly unchanged by replacing J(t) by J(t) and w(t) by 
w(t). Recall that the curvature of S is the following endomorphism valued two-form over 
X\Z a i g : 

F A (t) = OA"(t) + dA"{i) + A\t) A A"(t) + A"(t) A A'(t). (5.28) 



20 



The main observation is that, given uniform control on the gauge transformations w(t), 
the singularities of F^it) are due precisely to the degeneracy of the induced metric J near 
Z a i g , and thus the bounds follow on any compact subset K £ X\Z a i g . To make this precise 
we compute: 

dA"{t) = dwA"(0) w - 1 + wdA"{0)w- 1 + ^^"(O)^- 1 - didww- 1 ) (5.29) 

OA'it) = -J- 1 dJJ- 1 dJ-J- 1 ddJ+J- 1 dJJ- 1 A"(t)J-J- 1 dA"(t)J-J- 1 A"(t)dJ (5.30) 

For the remainder of the estimate we work locally on an open U C X\Z a i g over which S 
admits a trivialization. We enforce the policy that a uniform constant is independent of 
U. We now have: 

\dA"(t)\ 2 = Tz{g- x g- r dA"{t)dA"{t)) 

< diiHIcilK 1 !!^ (l^"(o)| 2 + \dA"(o)\ 2 + 1) , 

for a uniform constant C\. We now employ Lemma |5] inductively and Lemma to bound 
A"(0). More precisely, there are uniform constants 62,63 so that 

|A"(0)| 2 <6 2 nTr(J,(0)- 2 )<6 3 a- 2 . 
3=1 

A similar estimate holds for |<9v4"(0)| 2 with a -4 in place of o~~ 2 . In particular, there is a 
uniform constant C3 so that 

\dA"(t)\ 2 ^CglMi^iK 1 !! 2 ^- 4 . 

A similar computation, combining equations f )5.27p . (I5.30p and Lemma |5] shows 

\dA'(t)\ 2 < c^lMI^H^- 1 !! 2 ^- 6 , 

for a uniform constant C4. The remaining terms on the right hand side of ( I5.28P are 
estimated in a similar fashion. Note that by equation f )3.2ip . an estimate for F s implies 
an estimate for |7|. We summarize these estimates in the following two propositions. 

Proposition 8. There is a uniform constant C so that, on any compact set K <e X\Z a i g , 

Mt)\{x) + |F 5 (t)|(x) < CH^II^^IK^)- 1 !!^^)^ 3 ^), (5.31) 

for every x £ K . 

Similar computations prove: 

Proposition 9. There is a uniform constant C so that, on any compact set K <e X\Z a [ g , 
we have 

\VF s (t)\(x) + \VF s (t)\(x) < C\\w\\ c z (K) \\w- l \\ cH K)0-- b (x). (5.32) 

Again, we reiterate the crucial fact that the constant C in the above propositions does 
not depend on K. 
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5.2 Estimates on the quotient sheaf Q 

In this section we describe how to obtain curvature estimates for the quotient bundle 
Q l = S l /S 1 ~ 1 . For the most part, these estimates follow in a similar manner as the 
estimates for the curvature of the bundle S considered in the previous section. Observe 
that local identification Q l = im(S 1_1 ) ± C S 1 defined by J; allows us to compute on 
(S l ~ 1 ) ± , since the metric on Q l is obtained precisely via this identification. Thus, using 
equation (12.141) we can obtain bounds for the evolved curvature F™(t). Unlike the case 
of the subbundle S, we claim that the metric Mi on Q l blows up along Z a i g , while Mf 1 
degenerates, but remains bounded above. For example, by returning to the definition, 
it is clear that the induced metric Me/s*- 1 on E/S l ~ l over X\Z a i g blows up precisely 
where Jj_x degenerates, but has entries bounded below. Note that Q l includes naturally 
in E/S 1 ^ 1 , and the metric M l is precisely the restriction of M E / S i-i to Q l . From this, the 
claim follows. For this reason it is useful to write our formulas in terms of derivatives of 
M~ l rather than derivatives of M. In particular, the evolved connection is given by 

A" (t) =wA"(f))w- 1 -dww- 1 

A'(t) = -MdM 1 - M~ l A"(t)M. 

Since the entries of Mj are bounded below on X\Z a i g for every 1 < j < p we have the 
inequality 

p 

det(M i (0)) < C JJdet(M,-(0)) = CdetH ■ (detJ^)- 1 . 

j=i 

In particular, we can control Tr (Mj) above by the barrier function a. Using these formulas, 
together with Lemma El equation (12.141) and the computations in Section 15.11 we easily 
obtain the following estimates: 

Proposition 10. There is a uniform constant C so that, for any compact subset K d 
X\Z aig , we have 

\F®\(x) < CII^II^IK^)- 1 !!^^- 8 ^), (5.33) 

and 

\WF%x) + |VF Q |(x) < CH^IIca^lK^^Hca^a- 5 ^). (5.34) 

Again, we emphasize the point that in the above propositions, C is independent of the 
compact set K. 

6 Computations for the maximum principle 

6.1 The heat operator on 7 

As stated in the introduction, all that remains is a C 1 bound on all the second fundamental 
form terms. Let S be any subsheaf from the HNS filtration and let H evolve along the 
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Donaldson heat flow. Let \^\ 2 = g-^Tr^T*), where as before (•)* is the adjoint with 
respect to H . In this section we carry out the computation of (d t — A)|7| 2 , starting with 
the time derivative of 7^: 

dt(Tk) = -3s(Vfc7r) = -VfcTr, 

where V is the covariant derivative on the bundle End(E). It will be useful to consider 
the covariant derivative on Hom(S ± , S), denoted by V. If L is in Hom(S ± , S), then the 
two derivatives are related by: 

VL = tt(VL)(1 - tt). 
Note that -k e Hom^S^-, S). Thus -k = nir(l — ir), and so 

Vfc7T = Vfc(7T7T(l - TT)) = V k 7T + Vfe7T7r(l - 7r) - 7r7rVfc7T, 

where the last two terms contain a composition of two operators in Hom{S- L ) S), and hence 
vanish. Along the Donaldson heat flow the derivative of the projection 7r is given by: 

k = v{h- l h)(t - TT) = -7T(AF)(1 - TT) = 9 m Varn- 

Thus: 

dt(Tk) = -VfcTr 

= ^([Vfc.V/lTm + V^VfcTm)- 

Note Vg7m = Vm7fc, since 7 is d closed. We have: 

d t ( Tk ) = g m (R M ^ p -Fg elfh + lTh FQ) + A Tk . 
Recall the formula for the evolution of the adjoint: 

da* = (r 3 y-^AF\ s + AF\ Ql *. 

= g m (R ]m p n P - Ff mll + Tt Ff m r + (A 7J r - l*^\s + AF|q7*. 

Taking the derivative of I7I 2 gives. 

dt\l\ 2 = 9 fk 9 m Tr {R-J^lfi* ~ Fjfatoi! + 7^7* + V*V^7* + UTtlWlY 
-TklKFfJ* + T k (Ffj*Ye + 7fcV^V, 7 * - Tkl-F M \ S + 7 ^|q7*)- 

Note that 

g fk g^{-Fl^i* -TklliFfJ*) = 0, 
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since in a unitary frame for S the curvature of the induced metric is anti-self dual, so 
(ifj* = Similarly 

/ k g m Tr( lrh F^ + Tk{Ff m Yll) = 0. 

Thus, 

d t \l\ 2 =g fk g m Tr (V,V^7* + 7*V^V, 7 * + iVW P "7* + Tkl^JlT 

~ Tkl*j F mt\S + IkFfnelQlj) ■ 

Along the Donaldson heat flow |AF|^o is uniformly bounded for all time, so 

d t \!\ 2 < g fk Tr(A Tkl * + 7 fcA 7 ;) + C| 7 | 2 . 
Having computed <9 t |7| 2 , we turn to the Laplacian terms. 

A| 7 | 2 = ^Tr(A7 S7 ;+7sA7;) + |V7| 2 + |V7| 2 

> g fk Tr(A Tk l* + 7sA 7 * + 7^7* - 7*7*A^) + I V 7 | 2 + I V 7 | 2 

> ^Tr(A 7s7 ; + 7sA 7 *) - C7|7| 2 + I V 7 | 2 + I V 7 | 2 - 

We complete the argument by showing the two Laplacians, A and A, agree in this case: 
Tr(A 757 ;) = ^Tr(V,(vrV^(/-^))7*) 

= ^Tr(V,V^7; - 7;v^7; + V*Tkitij) 

= Tr(A 757 ;). 

The last line follows since the terms containing the composition 7* o 7* vanish, as 7* G 

Hom(S,S^). Similarly, Tr( 75 A 7 *) =Tr( 7 fcA 7 *). 
Putting everything together we obtain: 

(^-A)| 7 | 2 <C|7| 2 -|V7| 2 -|V7| 2 , (6.35) 
for a constant C independent of time. 

6.2 The heat operator on V7 

We now turn to the computation of (d t — A)|V7| 2 . Here we use the derivative V on 
the bundle Hom^S^, S), since it is precisely the component of the curvature F we are 
interested in. However, note that since the two connections only differ by projections, we 
have 

|V 7 | 2 < |V 7 | 2 . (6.36) 
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This inequality will be important in the application of the maximum principle. We now 
compute the evolution of V7. We know 

Vj7m = 7rV-,-7ro(l - 7r), 

and so 

d t {Vjlm) = 7i"V i 7^(l - 7r) + 7r[V i (/i _1 /i),7^](l - 7r) + 7rV j 7^(l - vr) - ttV^tt (6.37) 
As we have seen before 7r = —g ep 'Ve'yp. This implies that 

dtiVjJrh) = g ip (-Va p Vj-frh ~ TTVjFpi-KJrn + 7m(l - ir)VjFpt(l - 7r) 

+ 7 rV j 7^V^7p + V j {R m k p7k ~ Flflv ~ +lpF%d) + V^V/V^). 

We now change the order of derivatives: 

S^Vj-V/VpTto = gpVtVjVfrtto = AV i7 m - / p V^(%^ 7g - + F|. 7 ™ - 7 ™Fj). 

Putting everything together we get the evolution equation: 

dtfejjm) = AVj7rR + ^([Vj^fR, V^7p] - 7rV j Fp £ 7T7 ?fl + 7 m (l - 7r)V i Fj 5£ (l - vr) 
+V,(^/ p -7s - F^ 7p - - +7pi^) - V,(%^ 7g - + ^|-7m - 7m*g))- 

Now we turn to the evolution of the norm of this quantity: 

ft|V7| 2 = ^V^Tr(a t (Vn^)(V fe7 £)1)+^V^Tr(V i 7^(9 t (V fc ^))1 

-^V^Tr(V j7 ^(V fc7 ^AF| 5 ) + ^V^CV^AFIqCV^)*)- 

At this point we note that, just as in the previous section, all the terms containing F 
and F® (but not their derivatives) will cancel using anti-self duality. Also we have 

W p Va P \ < |af| < c, 

which follows from the observation g^fyp is the component of AF that maps Q to S. 
Using the decomposition of the curvature and the connection onto S and Q we have: 

(ttVAFttI + |(1 - tt)VAF(1 - tt)| < C\VF S \ + C\VF Q \ + C|V 7 || 7 |. (6-38) 

Thus the fact that R is bounded in C°, inequalities (I6.38|) and 16.361 and the Cauchy- 
Schwarz inequality imply: 

d t \ V 7 | 2 < ^V^Tr(AV j7 ^(V fc ^)1)+^V ,Tl Tr(V,7^(Av fe 7.r) 

+C|V 7 | 2 (1 + |7| 2 ) + |V 7 | (|7| 2 + |7||VF 5 | + |7 2 ||VF Q |) . 
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We now turn to the Laplacian terms. 

A|V 7 | 2 = sV™Tr(AV, 7 ™(V fc7 ,-)* + V,- 7 mA(V^)*) + |VV 7 | 2 + |W 7 | 2 . 

> gf* g *™Tr(AV jlffl (V kli y + V i7rfl A(V fc7l )* 
+ V jlrh [AF, (V fc7 z)1 + |VV 7 | 2 + | VV 7 | 2 

> g j V-it(AV 3 -7m(V fe7 «)* + V i7m (AV fc7 |)*) - C| V 7 | 2 + | VV 7 | 2 + | W 7 | 2 . 

Once again in this computation the two Laplacians, A and A, can be interchanged. Ex- 
plicitly this can be seen by: 

Tr(AV 3l rn(V kli )*) = ^Tr(V p (vrV 5 V j7 ^(J - 7r))(V*7/)*) 
= ^"Tr(- 7 ;V 9 -V j7 ^(V fc7£ -)* 

+ v p v 5 v j7 m(v fc7£ -)* + v g -v j7jfl7 ;(v fc7£ -)*) 

= Tr(AV, 7 ^(V fc7£ -)*), 

since the two terms containing the composition of terms in Hom(S, S*- 1 ) vanish. Putting 
everything together: 

(9 t -A)|V 7 | < C7|V 7 | 2 (l + |7r) + |V7|(l7| 2 + 171^1 + 171^1) 

-|VV 7 | 2 - |VV 7 | 2 . (6.39) 

This is the key inequality we will need to carry out the maximum principle. The main 
idea is as follows. Combining (16.391) with (I6.35p . and working inside of K where we know 
| 7 |, |VF | 2 and |V-F^| 2 are bounded uniformly, there exist a large constant A so that: 

(^-A)(|V 7 | 2 + A| 7 | 2 )<-|V 7 | 2 + C. 

Thus at a maximum point of |V 7 | 2 + v4| 7 | 2 the left hand side is nonnegative, which implies 
that |V 7 | 2 is bounded. However, as we stated in Section [31 there is no way to show the 
maximum does not occur on the boundary of K. As a result, we need to use the explicit 
barrier function. 



7 C l estimates for the second fundamental form 

We are now ready to prove a uniform estimate for |V 7 l | for all i, and in doing so, finish 
the proof of Theorem [21 As in previous sections, we begin with the simple case G S G E 
with second fundamental form 7 . We first show: 

Proposition 11. Let A(t) be a family of connections evolving along the Yang-Mills flow. 
Then on X\Z a i g we have 

|V 7 |(x,t)<CV- 16 (x), 

where C is a uniform constant. 
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We remark that this estimate is almost certainly not sharp. We expect that the expo- 
nent on the right hand side can be improved to 4. However, this estimates suffices for our 
purposes. 

Proof. We apply the maximum principle to the function y4<r fc |7| 2 + <r 4fc | V7I 2 for some large 
positive constants A, and k > 8. This trick of anisotropic scaling has been used before, 
for example in [23], where the authors first learned of it. First we need to check that 
the function Ar fc |7| 2 + cr 4fc |V7| 2 is continuous on X, smooth on X\Z a[g , and identically 
zero on Z a \ g for any k > 8. Note that V7 is a component of the curvature tensor, and 
hence there is a constant K{t) depending on time, so that IV7I < K{t) on X\Z a i g . By 
Proposition [HI cr fc | 2 is smooth on X\Z a i g , continuous on X and zero on Z a i g as well. Thus 
Ar fc |7| 2 + cr 4fc | V7I 2 admits a maximum on any compact time interval. Our aim is to prove 
that, while IV7I may be unbounded along Z a i g as t approaches infinity, we have uniform 
bounds on compact subsets of X\Z a i g . Using the equation (I6.35p . we compute 

(d t - A)a k \-?\ 2 = a k {d t - A)| 7 | 2 + 2ka k ~ l Re(Va, V| 7 | 2 ) 
+ (k(k - l)a fc - 2 |Va| 2 + ka k - l Aa) | 7 | 2 
< CV| 7 | 2 - a fc |V7| 2 + Ci {a k - 1 \ 1 \ ■ |V| 7 || + ^~ 2 |7| 2 ) 

We now use the Kato inequality and Young's inequality to obtain 

(d t - A)a fc | 7 | 2 < C 2( t^ 2 | 7 | 2 - ^'|V 7 | 2 . (7.40) 

Similarly, we compute 

(d t - A)a 4fc |V 7 | 2 = a Ak (d t - A)| V 7 | 2 + 8A; ( 7 4fc - 1 Re(V(7, V| V 7 | 2 ) 
+ (4k(4k - l)a 4fc - 2 |Va| 2 + Aka Ak - l Aa) |V 7 | 2 

< a 4k (d t - A)|V 7 | 2 + C 3 a 4fe - 2 |V7| 2 + ^ 4fe |VV 7 | 2 + ia 4fe |VV 7 | 2 , 

(7-41) 

where we again used the Kato inequality and Young's inequality. We now recall equa- 
tion f)6.39p . and apply Propositions El El and[TUJ This gives: 

a Ak {d t - A)|V 7 | 2 <C 4 a 4fe |V7| 2 (l + N 2 + |7||VF 5 | + |7||VF Q |) 
- a 4fc |VV7r - a 4fe |W 7 | 2 

< a o a 4k - 16 P(w) I V 7 | 2 - a 4fe |VV7| 2 - a 4fc |VV 7 | 2 

< CVr fc PH|V 7 | 2 - a 4fc |VV 7 | 2 - a 4fc |VV 7 | 2 . 

The last line follows from the assumption that k > 8 so that 4k — 16 > k. Here, P(w) 
denotes a fixed polynomial in | |w)' s, | | C 3, 1 1 (xt>' s ') — 1 1 1 ^73 , ||w^||c3 and ||(w^) _1 ||c3. Substituting 
this inequality into equation (17.411) . we obtain 

(d t - Ay 4fe |V7| 2 < C 7 a k P(w)\V-i\ 2 . (7.42) 
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Suppose now that S and Q are stable. In this case the estimates of Proposition are in 
force, and so P(w) < C§ for a uniform constant Cg. Let A = IC-jC^ + 2. Fix a time 
T G (0,oo) and denote by (p, s) the point in X\Z aig x [0,T] where Acr fc | 7 | 2 + a- 4fc |V 7 | 2 
achieves its maximum. We now combine equations ( I7.40|) . f)7.42p . and apply the maximum 
principle at (p, s) to get 

< (d t - A)Ax fc | 7 | 2 + <x 4fe |V 7 | 2 < C 9( x fe - 2 |7| 2 - a fc |V 7 | 2 

<C 10 -a fc |V 7 | 2 , 

where in the last line we used that k — 2 > 6 so that cr fc ~ 2 1 7 | 2 is uniformly bounded above 
by Proposition |EJ Thus, we have 

a k \Vi\ 2 (p,s)<C 10 . 

We claim that this implies the desired estimate. To see this, observe that for any q G 
X\Z a i g and t G [0, T] we have 

a 4fc |V 7 | 2 (g,t) < a 4k \V 1 \ 2 (q,t) + Aa k \ 1 \ 2 (q,t) 
<a* k \V 1 \ 2 {p,s) + Ao k \ 1 \ 2 {p ) s) 
<C X1 . 

Reorganizing proves that for all t G [0,T] and x G X\Z a i g we have 

|V 7 |(x,t)<Ct7- 16 (x), 
for a constant C independent of T. Since T was arbitrary, the proposition follows. 

□ 

We now turn to the general case, and consider the HNS filtration on E: 

C S 1 C S 2 C ■ ■ • C S p = E, 

with stable quotients Q l = S i /S l ~ 1 . Recall we defined 7 l to be the second fundamental 
form associated to the inclusion S l C E. Similarly we consider second fundamental forms 
given by the inclusions S 1 ^ 1 C S\ which we denote by 7 |_i. As before, ( 7j l _i)* is given by: 

( T i_ x )* = v 5! - v 5 ^ 1 = (v e - v 5 ^ 1 ) - (v e - v si ) = (f - x r - ( 7 r • 

This formula yields the following estimates: 

|V 7 ti| < |Vf I + |V 7 i_1 | and |VV 7 til < |VVf I + |VV 7 i_1 |. (7.43) 

Thus, to complete the proof of Theorem [2], we need to control |V 7 l | for all i on compact 
sets K away from Z a i g . We apply the maximum principle to the following function: 

p-i 

/ = ^(a 4fc |V 7 f + Aa k \Y\ 2 ), 
i=i 
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for a universal constant A. We note that this step is similar to the maximum principle 
argument from Proposition [TT], so we only present the details here relevant to the general 
case. 

Recall our computation of the heat operator (16.39p . which we apply for all i: 

(d t - A)|V 7 i < C|V 7 f (1 + \jf ) + |Vt*| ({jf + |7i|VF 5I | + \f\\VF E / si \\ 

-|VVY| 2 - IVV7T. (7.44) 

Now, because S l and E / S % may not be stable, the induced curvatures are not bounded, 
so we cannot immediately carry out the argument as in Proposition [TTJ We can however 
decompose the problem terms |V-F 5l | and \VF E I S1 \ onto subsheaves and quotient sheaves, 
which we demonstrate for VF 3 ' : 



V 7^-i*(^ 5l_1 - lU A 7l-i*) + 7ti*V 7 ti + V«'(F« l - jU* A 7 !_i) / ' 

This gives the following estimate: 

\VF S '\ < |VF* _ V|Vi^|+4|V 7 till7tiM^^ 

We note a similar estimate exists for X?F E / S \ From now on, in the interest of simplicity, 
we will use the symbol < to denote an inequality which holds up to terms depending 
only on uniform constants and powers of a, and suppress such terms. Applying the above 
estimates, combined with (17.431) and (17.441) we get: 

(dt - A)|V 7 f < C(|V 7 f + IVY -1 ! 2 ) + (|Vf I + |V 7 ^ 1 |)(|VF^ 1 | + \VF E ' sl+1 \ 
+ \VF Q '\) + (|Vf| + |V7 i_1 |)(|F 5 " 1 | + \F E ' sl+1 \ + \F Ql \) 
+2(|V 7 i + iVf^DdVVfl + |VV7^ 1 |) - |VV 7 i 2 - |VV7 i_1 | 2 . 

Applying Young's inequality to 2(|V7 l | + |V7*~ 1 |)(|VV7*| + |VV7* _1 |) gives, for a larger 
constant C: 

{d t - A)|V 7 f < C(|V 7 i 2 + |VY"T) + (IVYI + |V 7 l - 1 |)(|VF 5I " 1 | + \VF E / Sl+1 \ 
+ |VF Q '|) + (|V 7 i + |V7^ 1 |)(|F 5, " 1 | + |F^ 5l+1 | + \F Ql \) 
-(l-e l )|VV 7 i 2 -(l-e i )|VVy- 1 | 2 . 

Now, we have bounds on all the F® 1 terms from stability. We can also continue to 
decompose the remaining curvature terms, and because they are all multiplied by |V 7 l | 
with exponent 1, we can continue to apply Young's inequality and control the second 
derivative terms. Note that by this decomposition, the computation for the heat operator 
on |V 7 l | will contain |V7 fc | terms on the right hand side for k 7^ i. This observation 
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necessitates our definition of / above. Assuming that each e« is small so that their entire 
sum is less that 1/2, and suppressing stable curvature terms, we have: 

(d t - A) ]T |V 7 f < C ]T |V 7 f - I VV 7 f. 

i=l i=l i=l 

Of course, up to this point we have suppressed the dependence on a and the normalized 
complex gauge transformations that prove the curvature bounds. However, it is clear at 
this point that the method of Proposition [TT] applies. In particular, there exists a k > 
and a universal constant A so that the function 

p-i 

f = ^(a 4fc °|V 7 f + Ar fe °| 7 f ), 

i=l 

achieves its maximum on X\Z a [ g . Applying the maximum principle and on X\Z a i g x [0, T], 
we obtain 

Proposition 12. Let A(t) be a sequence of connections evolving along the Yang-Mills flow. 
Then there exists a k > and a universal constant C so that for all i: 

|Vf | < o-- 2ko c, 

where C is uniform in time. 

With this proposition we have succeeded in proving Theorem [2] Theorem [T] follows 
immediately from this. We can now give a proof of the Donaldson-Uhlenbeck-Yau theorem. 

Proof of Corollary [H Let E be a holomorphic vector bundle over a compact Kahler man- 
ifold. Suppose that E is indecomposable, and stable in the sense of Mumford-Takemoto. 
In this case Gr hns (E) = E, and hence Z a \ g = 0. By Theorem [1] we have Z an = 0. At 
this juncture we point out that the main technical ingredient not proved in this paper is 
Simpson's lower bound for the Donaldson functional. We now apply Hong-Tian [S] to ob- 
tain that the Yang-Mills flow converges smoothly to a Yang-Mills connection on a limiting 
bundle E^ defined over all of X. By a result of the first author in [10] (which again relies 
only on Simpson's lower bound), we have E^ = Gr hns (E)** = E** = E. Thus, E^ is 
isomorphic to E. Since E is stable, the limiting connection is Hermitian-Einstein. The 
reverse implication is classical, and so we omit it; see for instance [12]. □ 

The proof of Corollary [2] is identical to the second argument in the proof of Corollary [TJ 
We leave the details to the reader. 
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